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Abstract. Generalized Schouten, Fro¨licher-Nijenhuis and Fro¨licher-Richardson brackets are de-
fined for an arbitrary Lie algebroid. Tangent and cotangent lifts of Lie algebroids are introduced
and discussed and the behaviour of the related graded Lie brackets under these lifts is studied.
In the case of the canonical Lie algebroid on the tangent bundle, a new common generaliza-
tion of the Fro¨licher-Nijenhuis and the symmetric Schouten brackets, as well as embeddings of
the Nijenhuis-Richardson and the Fro¨licher-Nijenhuis bracket into the Schouten bracket, are
obtained.
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0 Introduction.
There are three main ingredients of the presented paper: to study natural graded Lie
brackets of tensor fields associated with Lie algebroids over a manifold, procedures of lifting
of these tensor fields to tensor fields over derived manifolds (like lifting tensor fields on M
to tensor fields on TM), and the behaviour of the brackets under the lifting procedures. All
this is done in the setting of an arbitrary Lie algebroid. We tried to make the presentation
as systematic as possible, but still most of the presented results seem to be new in the
literature (the most important can be found in Sections 5-7). We work coordinate-free as
long as it is reasonable, but for the readers convenience we provide also detailed calculations
in local coordinates.
Graded Lie algebras and Lie super-algebras play an important role in the contemporary
geometry and mathematical physics. Fundamental examples are, defined in a natural way,
graded extensions of the Lie bracket of vector fields: the Schouten (Schouten-Nijenhuis)
bracket and the Fro¨licher-Nijenhuis bracket. Another example is the Lie algebra of a Lie
group. A Lie algebroid is a common generalization of the notion of tangent bundle and
the Lie algebra of a Lie group [20]. Lie algebroids have the basic ingredients which make
possible usual constructions of differential geometry, like exterior derivative, Lie derivative,
contractions, Schouten bracket, etc. (cf. [22]).
In the first section of the paper, we introduce natural analogues of the Schouten, Fro¨licher-
Nijenhuis and Nijenhuis-Richardson brackets in the framework of an arbitrary Lie algebroid.
Supported by KBN, grant No 2 PO3A 074 10
1
An important example of a Lie algebroid is provided by the cotangent bundle of a Poisson
manifold. In Section 2, we present basic facts concerning Lie brackets related to Poisson
structures, like Poisson bracket of functions, brackets of 1-forms, and their extensions.
Definitions of tangent and cotangent lifts of a Lie algebroid are given in Section 3, and
in Section 4 we study tangent lifts of associated tensor fields. The results of Section 5 show
the behaviour of the introduced graded brackets under the vertical and tangent lifts and
generalize results of [31] and [10]. Similar questions for the cotangent lift, which seems to
be less functorial, are studied in Section 6.
All above is applied in the last section to the case of the canonical Lie algebroid – the
tangent bundle TM , in relation with our previous work [10]. Among other lifts, there is an
embedding of the Fro¨licher-Nijenhuis bracket on a manifold M into a graded Lie bracket
of differential forms introduced earlier by the first author [9], into the Fro¨licher-Nijenhuis
bracket on T∗M (discovered by Dubois-Violette and Michor [7] and regarded as a part of a
’common generalization’ of the Fro¨licher-Nijenhuis and the symmetric Schouten brackets),
and embeddings of the Nijenhuis-Richardson and the Fro¨licher-Nijenhuis bracket onM into
the Schouten bracket on T∗M .
1. Graded Lie brackets of a Lie algebroid.
LetM be a manifold and let τ :E →M be a vector bundle. By Φ(τ) we denote the graded
exterior algebra generated by sections of τ , Φ(τ) = ⊕k∈ZΦ
k(τ), where Φk(τ) = Γ(M,
∧k
E)
for k > 0 and Φk(τ) = {0} for k < 0. The dual vector bundle we denote by pi:E∗ → M .
For τ = τM :TM → M , we get the graded algebra of multivector fields on M , and for
τ = piM :T
∗M →M - the graded algebra of differential forms on M .
Let us consider a Lie algebroid structure on τ :E → M with the Lie bracket [ , ] and
the anchor ατ :E → TM . The Lie bracket [ , ] of sections of E induces the well-known
generalization of the standard calculus of differential forms and vector fields ([20], [21],
[22]).
The exterior derivative dτ : Φ
k(pi)→ Φk+1(pi) is defined by the formula
dτµ(X1, . . . , Xk+1) =
∑
i
(−1)i+1ατ (Xi)(µ(X1, . . . , X̂i, . . . , Xk+1))+
+
∑
i<j
(−1)i+jµ([Xi, Xj ], X1, . . . , X̂i, . . . , X̂j , . . . , Xk+1), (1.1)
where Xi ∈ Φ
1(τ) and the hat over a symbol means that this is to be omitted. For
X ∈ Φk(τ), the contraction iX : Φ
p(pi) → Φp−k(pi) is defined in the standard way and the
Lie differential operator
£X : Φ
p(pi)→ Φp−k+1(pi)
is defined by the graded commutator
£X = iX ◦ dτ − (−1)
k dτ ◦ iX .
The following theorem contains a list of well-known formulae.
Theorem 1. Let µ ∈ Φk(pi), ν ∈ Φ(pi) and X,Y ∈ Φ1(τ). We have
(1) dτ ◦ dτ = 0,
(2) dτ (µ ∧ ν) = dτ (µ) ∧ ν + (−1)
kµ ∧ dτ (ν),
(3) iX(µ ∧ ν) = iX(µ) ∧ ν + (−1)
kµ ∧ iX(ν),
(4) £X(µ ∧ ν) = £Xµ ∧ ν + µ ∧£Xν,
(5) £X ◦£Y −£Y ◦£X = £[X,Y ],
(6) £X ◦ iY − iY ◦£X = i[X,Y ].
The last formula can be generalized in the following way (cf. [24], [16]).
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Theorem 2. For X ∈ Φk+1(τ) and Y ∈ Φl+1(τ) there is a unique Z ∈ Φk+l+1(τ) (denoted
by [X,Y ]) such that
£Y ◦ iX −(−1)
(k+1)l iX ◦£Y = − iZ .
In particular, we have for X ∈ Φ1(τ) and f ∈ Φ0(pi) = C∞(M)
[X, f ] = ατ (X)(f).
The bracket
[ , ]: Φk+1(τ) × Φl+1(τ) → Φk+l+1(τ)
is an extension of the Lie algebroid bracket on Φ1(τ) and it is called the generalized Schouten
bracket of the Lie algebroid. It defines a graded Lie algebra structure on Φ(τ) with the
shifted grading Φ(τ) = ⊕k∈ZΦ
(k)(τ), where Φ(k)(τ) = Φk+1(τ). Moreover, for X ∈ Φ(k)(τ),
the adjoint action adX = [X, ·] is a graded derivation of rank k of the exterior algebra, i. e.,
[X,Y ∧ Z] = [X,Y ] ∧ Z + (−1)klY ∧ [X,Z] (1.2)
for Y ∈ Φl(τ).
The fact, that the generalized Schouten bracket is a graded Lie bracket, means that it is
(1) graded skew-symmetric, i. e., for X ∈ Φ(k)(τ), Y ∈ Φ(l)(τ), we have
[X,Y ] = −(−1)kl[Y,X ]; (1.3)
(2) satisfies the graded Jacobi identity, i. e., for X,Y as before and for Z ∈ Φ(m)(τ), we
have
(−1)km[[X,Y ], Z] + (−1)lk[[Y, Z], X ] + (−1)ml[[Z,X ]Y ] = 0. (1.4)
The Jacobi identity can be written in the form
[X, [Y, Z]]− (−1)kl[Y, [X,Z]] = [[X,Y ], Z], (1.5)
which means that the graded commutator
[adX , adY ] = adX ◦ adY −(−1)
kl adY ◦ adX
equals ad[X,Y ].
From (1.2), it follows that for X1, . . . , Xk, Y1, . . . , Yl ∈ Φ
1(τ), we have
[X1∧· · ·∧Xk, Y1∧· · ·∧Yk] =
∑
i,j
(−1)i+j [Xi, Yj ]∧X1∧· · ·∧X̂i∧· · ·∧Xk∧Y1∧· · ·∧Ŷj∧· · ·∧Yl
(1.6)
(see [16], [24]).
There is also a symmetric Schouten bracket which extends the Schouten bracket on Φ0(τ)⊕
Φ1(τ) to symmetric multisections. This bracket is defined by the following formula, similar
to (1.6) (see [7])
[X1∨· · ·∨Xk, Y1∨· · ·∨Yk] =
∑
i,j
[Xi, Yj ]∨X1∨· · ·∨X̂i∨· · ·∨Xk∨Y1∨· · ·∨Ŷj∨· · ·∨Yl. (1.7)
The symmetric Schouten bracket provides the symmetric algebra Φs(τ) = ⊕k∈ZΦ
k
s(τ),
Φks (τ) = Γ(M,S
kE), with the abstract Poisson algebra structure ([2]).
In the case of the canonical Lie algebroid structure in the tangent bundle τM :TM →M ,
we obtain the classical skew-symmetric and symmetric Schouten brackets ([28], [25]).
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Before we pass to other brackets, let us introduce the space Φkl (τ) = Γ(M,
∧k
E⊗
∧l
E∗)
of tensor fields of mixed type. Of course, we can identify Φkl (τ) and Φ
l
k(pi). For K ∈ Φ
k
1(pi),
we define in the natural way the contraction
iK : Φ
n(pi)→ Φn+k−1(pi).
For simple tensors K = µ⊗X , where µ ∈ Φk(pi), X ∈ Φ1(τ), we put
iK ν = µ ∧ iX ν. (1.8)
The corresponding Lie differential is defined by the formula
£K = iK ◦ dτ + (−1)
k dτ ◦ iK
and, in particular,
£µ⊗X = µ ∧£X + (−1)
k dτµ ∧ iX . (1.9)
This definition is compatible with the previous one in the case of K ∈ Φ01(pi) = Φ
1(τ).
The contraction (insertion) iK can be extended to an operator
iK : Φ
n
1 (pi)→ Φ
n+k−1
1 (pi)
by the formula
iK(µ⊗X) = iK(µ)⊗X.
Theorem 3. The bracket
[ , ]N−R: Φk+11 (pi) × Φ
l+1
1 (pi)→ Φ
k+l+1
1 (pi),
given by the formula
[K,L]N−R = iK L− (−1)
kl iLK, (1.10)
defines a graded Lie algebra structure on the graded space Φ1(pi) = ⊕k∈ZΦ
(k)
1 (pi), where
Φ
(k)
1 (pi) = Φ
k+1
1 (pi).
For simple tensors µ⊗X ∈ Φk1(pi) and ν ⊗ Y ∈ Φ
l
1(pi), the following formula holds
[µ⊗X, ν ⊗ Y ]N−R = µ ∧ iX ν ⊗ Y + (−1)
k iY µ ∧ ν ⊗X. (1.11)
Proof: The bracket is obviously skew-symmetric. Now, let K ∈ Φ
(k)
1 (pi), L ∈ Φ
(l)
1 (pi) and
N ∈ Φ
(n)
1 (pi). It is a simple and standard task to verify that
i[K,L]N−R = iK ◦ iL−(−1)
kl iL ◦ iK . (1.12)
From (1.12) we get
[K, [L,N ]N−R]N−R = iK(iLN − (−1)
ln iN L)− (−1)
k(l+n)(iL ◦ iN −(−1)
ln iN ◦ iL)K =
= iK iLN − (−1)
ln iK iN L− (−1)
k(l+n) iL iN K + (−1)
kl+kn+ln iN iLK
and, after easy calculations,
(−1)kn[K, [L,N ]N−R]N−R + (−1)lk[L, [N,K]N−R]N−R + (−1)nl[N, [K,L]N−R]N−R = 0.
The bracket [ , ]N−R is called the generalized Nijenhuis-Richardson bracket.
Remark. The generalized Nijenhuis-Richardson bracket is a purely vector bundle bracket
and does not depend on any additional Lie algebroid structure. For τ = τM we get the
classical Nijenhuis-Richardson bracket of vector-valued forms ([23], [24] [26]).
The generalized Fro¨licher-Nijenhuis bracket is defined for simple tensors µ⊗X ∈ Φk1(pi)
and ν ⊗ Y ∈ Φl1(pi) by the formula
[µ⊗X, ν ⊗ Y ]F−N =
= µ∧ ν⊗ [X,Y ]+µ∧£Xν⊗Y −£Y µ∧ ν⊗X+(−1)
k(dτµ∧ iX ν⊗Y + iY µ∧dτν⊗X) =
= (£µ⊗Xν)⊗ Y − (−1)
kl(£ν⊗Y µ)⊗X + µ ∧ ν ⊗ [X,Y ]. (1.13)
Theorem 4. The formula (1.13) defines a graded Lie bracket [ , ]F−N on the graded space
Φ1(pi) = ⊕k∈ZΦ
k
1(pi). Moreover,
£[K,L]F−N = £K ◦£L − (−1)
kl£L ◦£K (1.14)
for K ∈ Φk1(pi), L ∈ Φ
l
1(pi).
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Proof: The right-hand side in formula (1.13) is linear with respect to µ, ν, X, Y , and
for f ∈ C∞(M) we have
[fµ⊗X, ν ⊗ Y ]F−N = [µ⊗ fX, ν ⊗ Y ]F−N .
It follows that this formula defines actually a graded skew symmetric bracket
[ , ]: Φk1(pi)× Φ
l
1(pi)→ Φ
k+l
1 (pi).
Standard calculations show that (1.14) holds and we use it to verify the Jacobi identity.
For µ⊗X , ν ⊗ Y as above and θ ⊗ Z ∈ Φm1 (pi), we have
[θ ⊗ Z, [µ⊗X, ν ⊗ Y ]F−N ]F−N =
= £θ⊗Z£µ⊗Xν ⊗ Y − (−1)
kl£θ⊗Z£ν⊗Y µ⊗X +£θ⊗Z(µ ∧ ν)⊗ [X,Y ]−
− (−1)(k+l)m
(
£µ⊗X£ν⊗Y θ − (−1)
kl£ν⊗Y£µ⊗Xθ
)
⊗ Z+
+ θ ∧£µ⊗Xν ⊗ [Z, Y ]− (−1)
klθ ∧£ν⊗Y µ⊗ [Z, Y ] + θ ∧ µ ∧ ν ⊗ [Z, [X,Y ]].
Now, with some effort and with the use of (1.14), one checks that
(−1)ml[θ ⊗ Z, [µ⊗X, ν ⊗ Y ]F−N ]F−N + (−1)km[µ⊗, [ν ⊗ Y, θ ⊗ Z]F−N ]F−N+
+ (−1)kl[ν ⊗ Y, [θ ⊗ Z, µ⊗X ]F−N ]F−N = 0.
In the case of the canonical Lie algebroid (the tangent bundle), we obtain the classical
Fro¨licher -Nijenhuis bracket on vector-valued forms ([8], [13], [7], [23]). Let us make a
remark that, since, in general, the correspondence K → £K is not injective, the identity
(1.14) cannot be used as a definition of the generalized Fro¨licher-Nijenhuis bracket.
All the introduced graded Lie algebra structures have their purely algebraic versions. Lie
algebroids correspond (depending on authors) to pseudo-Lie algebras, Lie-Rinehart algebras,
Lie-Cartan pairs etc. ([16], [29]).
2. Graded Lie brackets on Poisson manifolds.
Let us consider a Poisson structure on a manifold M , i. e., a bi-vector field P ∈ Φ2(τM )
such that [P, P ] = 0. The tensor P defines a Lie algebra structure on C∞(M) by the Poisson
bracket
{f, g}P = iP (df ∧ dg).
It is known ([3], [12], [18], [19]) that P induces also a Lie algebroid structure on the cotangent
bundle piM :T
∗M → M . The anchor map of this structure is the corresponding to P
morphism of vector bundles P˜ :T∗M → TM . The Lie bracket is given by the formula
[µ, ν]P = £P˜ (µ)ν −£P˜ (ν)µ− d(iP (µ ∧ ν)) (2.1)
and the Lie algebroid exterior derivative dpiM : Φ(τM ) → Φ(τM ) is given by the Schouten
bracket
dpiM (X) = [P,X ] (2.2)
([2], [16], [11]).
The Lie algebroid structure on T∗M induces a generalized Schouten bracket [ , ]P of dif-
ferential forms – the Koszul-Schouten bracket and a generalized Fro¨licher-Nijenhuis bracket
[ , ]F−NP of multivector valued 1-forms, described in the previous section.
The vector bundle morphism P˜ :T∗M → TM is a morphism of Lie algebroids and, con-
sequently, the induced mapping
ΛP =
∧
P˜ : Φ(piM )→ Φ(τM ),
k∧
P˜ :
k∧
T∗M →
k∧
TM,
ΛP (µ1 ∧ · · · ∧ µk) = P˜ (µ1) ∧ · · · ∧ P˜ (µk) (2.3)
gives us a homomorphism of the corresponding Schouten brackets ([17], [14], [15]).
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Theorem 5.
(a) The mapping ΛP is a homomorphism between the Koszul-Schouten and the Schouten
brackets
ΛP : (Φ(piM ), [ , ]P )→ (Φ(τM ), [ , ]) .
It is an isomorphism if and only if P˜ is invertible, i. e., if and only if P defines a
symplectic structure.
(b) If P˜ is invertible, then the formula
FP (µ⊗X) = ΛP (µ)⊗ Λ
−1
P (X)
defines an isomorphism of the Fro¨licher-Nijenhuis brackets
FP :
(
Φ1(piM ), [ , ]
F−N
)
→
(
Φ1(τM ), [ , ]
F−N
P
)
.
Proof: Part (a) is essentially due to Koszul ([17]). Part (b) is obvious, because P˜ is an
isomorphism of Lie algebroids and, consequently, respects the Lie algebroid brackets, exte-
rior derivatives, contractions, Lie differentials and, finally, the Fro¨licher-Nijenhuis brackets.
Beside the homomorphism ΛP of graded commutative algebras, we can consider a module
valued graded derivation of degree −1, introduced by Michor [23]:
RP : Φ
k(piM )→ Φ
k−1
1 (piM ),
characterized by the properties
RP |Φ0(piM ) = 0, RP |Φ1(piM ) = P˜ ,
and
RP (µ ∧ ν) = RP (µ) ∧ ν + (−1)
kµ ∧ RP (ν), (2.4)
for µ ∈ Φk(piM ), so that for 1-forms µ1, . . . , µk we have
RP : (µ1 ∧ · · · ∧ µk) =
∑
i
(−1)i+1µ1 ∧ · · · ∧ µ̂i ∧ · · · ∧ µk ⊗ P˜ (µi). (2.5)
We can define RP in a more intrinsic way. Let µ˜:
∧k−1
TM → T∗M be the bundle morphism
corresponding to µ ∈ Φk(piM ). The morphism ˜RP (µ):∧k−1 TM → TM corresponding to
RP (µ) ∈ Φ
k−1
1 (piM ) is defined by the formula˜RP (µ) = P˜ ◦ µ˜.
Let us define the hamiltonian map HP = RP ◦dand the total hamiltonian map GP = ΛP ◦d.
We have
HP : Φ
k(piM )→ Φ
k
1(piM )
and
GP : Φ
k(piM )→ Φ
k+1(τM ).
For f ∈ C∞(M), HP (f) = GP (f) = P˜ (df) = −[P, f ] is the hamiltonian vector field cor-
responding to f . For a fixed P , we shall write also Rµ, Hµ, and Gµ, instead of RP (µ), HP (µ)
and GP (µ). The Koszul-Schouten bracket may be written now in the form
[µ, ν]P = iHµ ν − (−1)
k£Rµν (2.6)
for µ ∈ Φk(piM ) ([1], [9]).
There is another graded Lie bracket on Φ(piM ), which extends directly the Poisson bracket
{ , }P of functions.
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Theorem 6 ([9]). On the graded space Φ(piM ) = ⊕k∈ZΦ
k(piM ), the formula
{µ, ν}P = £Hµν + d£Rµν (2.7)
defines a graded Lie algebra structure such that on functions {, }P is the Poisson bracket
and {dµ, ν}P = d{µ, ν}P . Moreover, for g0, . . . , gk, f0, . . . , fl ∈ C
∞(M), we have
{g0 dg1 ∧ · · · ∧ dgk, f0 df1 ∧ · · · ∧ dfl}P =
= {g0, f0} dg1 ∧ · · · ∧ dgk ∧ df1 ∧ · · · ∧ dfl
− g0
∑
i>0,j
(−1)i+j d{gi, fj} ∧ dg1 ∧ · · · ∧ d̂gi ∧ · · · ∧ dgk ∧ df0 ∧ · · · ∧ d̂fj ∧ · · · ∧ dfl
− (−1)kf0
∑
j>0,i
(−1)i+j d{gi, fj} ∧ dg0 ∧ · · · ∧ d̂gi ∧ · · · ∧ dgk ∧ df1 ∧ · · · ∧ d̂fj ∧ · · · ∧ dfl
−
∑
i,j>0
(−1)i+j{gi, fj} dg0 ∧ · · · ∧ d̂gi ∧ · · · ∧ dgk ∧ df0 ∧ · · · ∧ d̂fj ∧ · · · ∧ dfl. (2.8)
Remark. The bracket (2.7) is similar to brackets introduced by Michor ([23]) and Cabras
and Vinogradov ([6]). Their brackets, however, are either not skew-symmetric or do not
satisfy the Jacobi identity, so that they are not graded Lie brackets. These brackets define
a proper graded Lie bracket on co-exact forms which coincides with (2.7) projected to co-
exact forms. The following theorem shows, how the Poisson bracket (2.7) is related to other
graded Lie brackets associated with the Poisson structure.
Theorem 7 ([9]).
(a) The exterior derivative
d: (Φ(piM ), { , }P )→ (Φ(piM ), [ , ]P )
is a homomorphism of the Koszul-Schouten bracket into the bracket (2.7), i. e.,
[dµ, dν]P = d{µ, ν}P .
The bracket { , }P may be then understood as an ‘integral’ of the Koszul-Schouten
bracket.
(b) The hamiltonian map
HP : (Φ(piM ), { , }P )→
(
Φ1(piM ), [ , ]
F−N
)
is a homomorphism of { , }P into the Fro¨licher-Nijenhuis bracket:
HP ({µ, ν}P ) = [HP (µ),HP (ν)]
F−N .
(c) The total hamiltonian map
GP : (Φ(piM ), { , }P )→ (Φ(τM ), [ , ])
is a homomorphism of { , }P into the Schouten bracket:
GP ({µ, ν}P ) = [GP (µ),GP (µ)].
(d) If P˜ is invertible, i .e., if P defines a symplectic form ω, then the isomorphism
ΛP : Φ(piM )→ Φ(τM )
transports { , }P to an ‘integral’ { , }ω of the Schouten bracket.
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3. Tangent and cotangent lifts of Lie algebroids.
Let τ :E →M be a vector bundle with a Lie algebroid structure and let ατ :E → TM be
the anchor map. Let P be the corresponding linear Poisson structure on the dual bundle
pi:E∗ →M . Linearity of this Poisson structure means that the bracket of functions which
are linear on fibers is linear on fibers ([22], [4], [5]). There is a one-to-one correspondence
X → ι(X) between sections of E and linear functions on E∗: ι(µ) = 〈X(pi(µ)), µ〉. The
relation between the Lie algebroid and the Poisson bracket is given by
ι([X,Y ]) = {ι(X), ι(Y )}P . (3.1)
For each X ∈ Φ1(τ), we define a vector field G(X) on E∗ putting
G(X) = P˜ (dι(X)) = HP (ι(X)) = −[P, ι(X)].
The vector field G(X) is projectable and
ατ (X) = pi∗G(X), i. e., pi
∗(ατ (X)(f)) = {ι(X), pi
∗f}P . (3.2)
The tangent space TE∗ carries the structure of a double vector bundle ([27], [20], [21])
TE∗ wTpi
u
τE∗
TM
u
τM
E∗ wpi M
. (3.3)
There is a natural lift of the Poisson tensor P on E∗ to a Poisson tensor dTP on TE
∗
([5], [10]) which is linear with respect to both vector bundle structures on TE∗. It follows,
that we have two bundles with Lie algebroid structures - dual bundles with respect to the
horizontal and vertical bundle structures in (3.3).
The bundle dual to τE∗ :TE
∗ → E∗ is piE∗ :T
∗E∗ → E∗ with the canonical pairing. The
bundle dual to Tpi:TE∗ → TM can be identified with the bundle Tτ :TE → TM . The
pairing is the tangent pairing obtained from the canonical pairing 〈, 〉:E ×M E
∗ → R by
applying the tangent functor ([30], [10]).
The Lie algebroid structures on piE∗ :T
∗E∗ → E∗ and Tτ :TE → TM are called the
tangent and cotangent lifts of the Lie algebroid structure on E.
Let us see all this in local coordinates. Let (xa) be a local coordinate system on M and
let e1, . . . , em be basis of local sections of E. The dual basis of local sections of E
∗ we
denote by e∗1, . . . , e∗m. The correspondig coordinates in E∗ we denote by (xa, ξi) and the
coordinates in E by (xa, yi), i. e., ι(ei) = ξi and ι(e
∗i) = yi. Since P is a linear Poisson
structure, we have
P =
1
2
ckij(x)ξk∂ξi ∧ ∂ξj + δ
a
i (x)∂ξi ∧ ∂xa , (3.4)
where ckij , δ
a
i depend on x only and where we clearly use the summation convention. The
anchor map is given by
ατ (y
iei(x)) = y
iδai (x)∂xa (3.5)
and the Lie bracket by
[ei, ej ] = c
k
ijek, (3.6)
so that
[f iei, g
jej ] =
(
f igjckij + f
iδai
∂gk
∂xa
− gjδaj
∂fk
∂xa
)
ek. (3.7)
The exterior derivative dτ is determined by
dτ (f) = δ
a
i
∂f
∂xa
e∗
i
, dτ (e
∗k) =
1
2
ckjie
∗i ∧ e∗j . (3.8)
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Let us introduce the adopted coordinate systems
(xa, x˙b) in TM ,
(xa, yi, x˙b, y˙j) in TE,
and (xa, ξi, x˙
b, ξ˙j) in TE
∗.
In these coordinates, we have ([5], [10])
dTP = c
k
ij(x)ξk∂ξi ∧ ∂ξ˙j +
1
2
ckij(x)ξ˙k∂ξ˙i ∧ ∂ξ˙j + δ
a
i ∂ξ˙i ∧ ∂xa+
+ δai (x)∂ξi ∧ ∂x˙a +
∂δai
∂xb
(x)x˙b∂ξ˙i ∧ ∂x˙a +
1
2
∂ckij
∂xb
(x)x˙bξk∂ξ˙i ∧ ∂ξ˙j . (3.9)
For sections dxa and dξi of the Lie algebroid bundle piE∗ :T
∗E∗ → E∗, we have ι(dxa) = x˙a,
ι(dξi) = ξ˙i, and
[dxa, dxb] =0,
[dξi, dx
a] =
∂δai
∂xb
(x) dxb,
[dξi, dξj ] =c
k
ij(x) dξk +
∂ckij
∂xb
ξk dx
b. (3.10)
The anchor map is given by
αpiE∗ (dx
a) = −δai (x)∂ξi ,
αpiE∗ (dξi) = δ
a
i (x)∂xa + c
k
ij(x)ξk∂ξj , (3.11)
and the exterior derivative dpiE∗ on Φ(τE∗) is determined by
dpiE∗ (f) =
(
δai
∂f
∂xa
+ ckijξk
∂f
∂ξj
)
∂ξi − δ
a
i
∂f
∂ξi
∂xa ,
dpiE∗ (∂xa) = −
∂δbi
∂xa
∂ξi ∧ ∂xb −
1
2
∂ckij
∂xa
ξk∂ξi ∧ ∂ξj ,
dpiE∗ (∂ξk ) =
1
2
ckji∂ξi ∧ ∂ξj . (3.12)
Now, let us turn to the Lie algebroid bundle Tτ :TE → TM and its dual Tpi:TE∗ → TM .
We choose a basis (ei, e˙j) of local sections of Tτ :TE → TM , such that ι(ei) = ξi and
ι(e˙j) = ξ˙j , and a similar basis (e
∗j, e˙∗j) of local sections of Tpi:TE∗ → TM , such that
ι(e∗
i
) = yi, ι(e˙∗j) = y˙j . In the chosen bases, section ei is dual to e˙
∗i and e˙j is dual to e
∗j ,
with respect to the pairing between TE and TE∗.
The anchor map αTτ :TE → TTM is given by
αTτ (e˙i) =δ
a
i (x)∂xa +
∂δai
∂xb
(x)x˙b∂x˙a ,
αTτ (ei) =δ
a
i (x)∂x˙a , (3.13)
and the Lie bracket by
[ei, ej ] =0,
[ei, e˙j] =c
k
ij(x)ek,
[e˙i, e˙j] =c
k
ij(x)e˙k +
∂ckij
∂xa
(x)x˙aek. (3.14)
The exterior derivative is determined by
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dTτ (f) =
(
δai
∂f
∂xa
+
∂δai
∂xb
x˙b
∂f
∂x˙a
)
e∗
i
+ δai
∂f
x˙a
e˙∗i ,
dTτ (e
∗k) =
1
2
ckij(x)e
∗i ∧ e∗
j
,
dTτ (e˙
∗k) =ckij(x)e˙
∗i ∧ e∗
j
+
1
2
∂ckij
∂xa
(x)x˙ae∗
i
∧ e∗
j
. (3.15)
To make our presentation more complete, we end this section with a simple theorem on
iterated lifts.
Proposition. Let τ :E → M be a Lie algebroid. Then the Lie algebroid structures pro-
vided by tangent-cotangent, cotangent-tangent and cotangent-cotangent lifts are canonically
isomorphic.
Proof: The tangent and cotangent lifts of the algebroid correspond to the tangent lift
dTP of the Poisson structure P on the dual bundle pi:E
∗ → M . Thus the iterated lifts
correspond to the tangent of the tangent Poisson structure, i. e., the Poisson structure
dT dTP on TTE
∗. Since dTP is linear with respect to both vector bundle structures on TE
∗,
the Poisson structure dT dTP is linear with respect to the three vector bundle structures on
TTE∗.
The Lie algebroid on the bundle piTE∗ :T
∗TE∗ → TE∗, dual to τTE∗ :TTE
∗ → TE∗, is,
by definition, the cotangent lift of the tangent lift of the Lie algebroid and, at the same
time, the cotangent lift of the cotangent lift of the Lie algebroid.
The bundle dual to TτE∗ :TTE
∗ → TE∗ is the bundle TpiE∗ :TT
∗E∗ → TE∗ and the
corresponding Lie algebroid structure is the tangent lift of the tangent lift of the algebroid
τ :E →M .
There is well known canonical isomorphism (see Section 7) κE∗ between τTE∗ :TTE
∗ →
TE∗ and TτE∗ :TTE
∗ → TE∗, and the Poisson structure dT dTP is invariant with respect
to it (cf. [10]). It follows, that the dual bundles are isomorphic and this isomorphism is an
isomorphism of Lie algebroid structures.
4. Tangent lifts of sections of vector bundles associated with a Lie algebroid.
In [31] (see also the references there) there are described different types of lifts of tensor
fields from a manifold to the tangent and cotangent bundles. In [10], the tangent lifts were
studied from the categorial point of view and were applied to Poisson geometry (Courant
in [4], [5] did the first steps in that direction). All these lifts are related to the canonical
Lie algebroid structure in the tangent bundle τM :TM →M . Here we show, how the lifting
procedures can be generalized to the case of an arbitrary Lie algebroid.
Let us recall first lifting processes in the case of the canonical Lie algebroid. For a function
f ∈ C∞(M), we define the vertical and complete lifts vT(f), dT(f) ∈ C
∞(TM):
vT(f) = τ
∗
M (f), dT(f)(v) = 〈v, df〉, (4.1)
i. e., vT(f) is the pull-back and dT(f) is the exterior derivative df , regarded as a function
on TM . The vertical and complete lifts vT(X), dT(X) of a vector field X on M can be
defined as unique vector fields on TM such that
vT(X)(vT(f)) = 0,
vT(X)(dT(f)) = dT(X)(vT(f)) = vT(X(f)),
dT(X)(dT(f)) = dT(X(f)) (4.2)
(see [31], [10]).
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In local coordinates ((xa) on M and (xa, x˙b) on TM), we have
vT(f)(x, x˙) = f(x), dT(f)(x, x˙) =
∂f
∂xa
(x)x˙a, (4.3)
and
vT(f
a∂xa) = f
a∂x˙a , dT(f
a∂xa) = f
a∂xa +
∂fa
∂xb
x˙b∂x˙a . (4.4)
Let (τj :Ej →M) be a family of vector bundles. We are going to define the complete and
vertical lifts of sections of the bundle⊗
i
MEj →M to sections of the bundle⊗
j
TMTEj → TM .
In the case of a section X of a vector bundle τ :E →M , we can proceed in the following
way. The section X defines a linear function ι(X) on E∗. The functions dT(ι(X)) and
vT(ι(X)) on TE
∗ are linear with respect to the vector bundle structure Tpi:TE∗ → TM . It
follows that these functions define sections of the dual bundle Tτ :TE → TM . We denote by
T (X) the section which corresponds to dT(ι(X)) and by V(X) the section which corresponds
to vT(ι(X)).
We can extend this procedure to the case of sections of the bundle ⊗
j
MEj → M . For
every such section X , we define a multilinear function X˜:×
j
ME
∗
j → R by
X˜(µ1, . . . , µk) = iX(µ1 ∧ · · · ∧ µk).
In the case of X ∈ C∞(M) understood as a section of the 0-tensor product, we put X˜ = X .
Theorem 8. For every section X ∈ Γ(M,⊗
j
MEj), there are, uniquely determined, sections
V(X), T (X) ∈ Γ(M,⊗
j
TMTEj) such that
(a) V˜(X) = vT(X˜),
(b) ˜T (X) = dT(X˜) (4.5)
(we identify T(×
j
MEj) and ×
j
TMTEj ).
In particular,
V(f) = vT(f) and T (f) = dTf for f ∈ C
∞(M),
and
V(e1,i1⊗· · ·⊗ek,ik) = e1,i1⊗· · ·⊗ek,ik , T (e1,i1⊗· · ·⊗ek,ik) =
∑
j
e1,i1⊗· · ·⊗e˙j,ij⊗· · ·⊗ek,ik ,
where (ej,i) is a basis of local sections of τj .
Proof: Let (ej,i) be a basis of local sections of τj and let (x
a, yij), (x
a, ξj,i) be the corre-
sponding coordinate system in Ej , E
∗
j , j = 1, . . . , k. These coordinate systems induce a
coordinate system (xa, ξ1,i1 , . . . , ξk,ik) on ×
j
ME
∗
j . In the introduced coordinate systems and
bases,
X = f i1...ike1,i1 ⊗ · · · ⊗ ek,ik
and
X˜ = f i1...ikξ1,i1 · · · ξk,ik . (4.6)
In the adopted coordinates (xa, ξ1,i1 , . . . , ξk,ik , x˙
a, ξ˙1,i1 , . . . , ξ˙k,ik) on ×
j
TMTE
∗
j , the verti-
cal lift vT(X˜) looks formaly like (4.6). It follows that vT(X˜) = V˜(X), where
V(X) = f i1...ike1,i1 ⊗ · · · ⊗ ek,ik . (4.7)
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The complete lift dT(X˜) is given in local coordinates by (cf. (4.3))
dT(X˜) =
∂f i1...ik
∂xa
x˙aξ1,i1 · · · ξk,ik +
∑
j
f i1...ikξ1,i1 · · · ξ˙j,ij · · · ξk,ik
and, consequently,
T (X) =
∂f i1...ik
∂xa
x˙ae1,i1 ⊗ · · · ⊗ ek,ik +
∑
j
f i1...ike1,i1 ⊗ · · · ⊗ e˙j,ij · · · ⊗ ek,ik . (4.8)
Let us notice that both lifts commute with permutations and, consequently, lifts of skew-
symmetric and symmetric tensors are skew-symmetric and symmetric, respectively.
There is another (equivalent) way to introduce the vertical and complete lifts. Again,
we begin with the case of a section X :M → E of τ . Applying the tangent functor to X ,
we obtain TX :TM → TE. Since τ ◦X = idM , we have Tτ ◦ TX = idTM , i. e., TM is a
section of Tτ :TE → TM . It is easy to check that TX = T (X). In order to get a similar
construction of T (X) for X ∈ Γ(M,⊗
i
MEi), we observe first that applying the tangent
functor to the tensor product map ⊗:×
i
MEi → ⊗
i
MEi, we get a bundle morphism with
respect to the tangent bundle structures
T⊗:T×
i
MEi ≃ ×
i
TMTEi → T⊗
i
MEi.
This morphism is multilinear and, consequently, defines a linear morphism
⊗T:⊗
i
TMTEi → T⊗
i
MEi.
We have also the dual morphism of the dual bundles
⊗T:T⊗
i
ME
∗
i → ⊗
i
TMTE
∗
i .
If we replace Ei by E
∗
i , we obtain
⊗T:T⊗
i
MEi → ⊗
i
TMTEi.
The complete lift T (X) of a section X :M → ⊗
i
MEi can be now defined by
T (X) = ⊗T ◦ TX.
For the vertical lift V(X), we provide a different approach which makes use of the structure
of a double vector bundle on TE:
TE wTτ
u
τE
TM
u
τM
E wτ M
.
Since τE (Tτ) is a vector bundle morphism with respect to the horizontal (vertical) vector
bundle structures, we have two kernel subbundles of these projections:
VTE = ker τE is a subbundle of Tτ :TE → TM ,
VτE = kerTτ is a subbundle of τE :TE → E.
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It is known that there are canonical vector bundle isomorphisms
VTE ≃ TM ×M E, Vτ ≃ E ×M E,
which can be extended to isomorphisms of tensor products
TM ×M ⊗
i
MEi ≃ ⊗
i
TMVTEi ⊂ ⊗
i
TMTEi,
E ×M ⊗
k
ME ≃ ⊗
k
EVτE ⊂ ⊗
k
ETE. (4.9)
With these identifications, we can define vertical lifts VT and Vτ of sections of ⊗
i
MEi and
⊗kME respectively. In local coordinates, we have
VT(f
i1...ike1,i1 ⊗ · · · ⊗ ek,ik) = f
i1...ike1,i1 ⊗ · · · ⊗ ek,ik ,
Vτ (f
j1...jkej1 ⊗ · · · ⊗ ejk) = f
j1...jk∂yj1 ⊗ · · · ⊗ ∂yjk . (4.10)
The vertical lift VT coincides with V , the vertical lift Vτ will be used in the definition of
cotangent lifts.
Theorem 9. Let τi:Ei → M and τ
′
j :E
′
j → M be vector bundles over M , and let X ∈
Γ(M,⊗
i
MEi) or X = f ∈ C
∞(M), Y ∈ Γ(M,⊗
j
ME
′
j). Then,
(a) V(X ⊗M Y ) = V(X)⊗TM V(Y ),
(b) T (X ⊗M Y ) = T (X)⊗TM V(Y ) + V(X)⊗TM T (Y ). (4.11)
Proof: Using the canonical projections(
×
i
ME
∗
i
)
×M
(
×
j
ME
′∗
j
)
→ ×
i
ME
∗
i
and (
×
i
ME
∗
i
)
×M
(
×
j
ME
′∗
j
)
→ ×
j
ME
′∗
j ,
we can consider X˜ and Y˜ as functions on
(
×
i
ME
∗
i
)
×M
(
×
j
ME
′∗
j
)
. We have then
˜X ⊗M Y = X˜ · Y˜ .
The statements of the theorem are now direct consequences of the following properties of
the vertical and complete lifts of functions (cf. [10]):
vT(X˜ · Y˜ ) = vT(X˜) · vT(Y˜ ),
dT(X˜ · Y˜ ) = dT(X˜) · vT(Y˜ ) + vT(X˜) · dT(Y˜ ).
Corollary. Let τ :E →M be a vector bundle.
(a) The vertical lift
V : Φ(τ)→ Φ(Tτ)
is a homomorphism of graded commutative algebras:
V(X ∧ Y ) = V(X) ∧ V(Y ).
(b) The complete lift
T : Φ(τ) → Φ(Tτ)
is a graded V-derivation of degree 0:
T (X ∧ Y ) = T (X) ∧ V(Y ) + V(X) ∧ T (Y ).
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5. Tangent lifts and graded Lie brackets.
Throughout this section τ :E → M is a vector bundle of a Lie algebroid with the an-
chor ατ :E → TM . We shall prove theorems describing the behaviour of contractions, Lie
differentials, graded Lie brackets, etc., with respect to the tangent lifts.
Theorem 10. Let X ∈ Φ1(τ). Then,
(a) αTτ (V(X)) = vT(ατ (X)),
(b) αTτ (T (X)) = dT(ατ (X)).
Proof: (a) With the notation of Section 3, we have, in view of (3.13),
αTτ (V(f
iei)) = αTτ (f
iei) = f
iαTτ (ei) = f
iδai ∂x˙a .
On the other hand, it follows from (4.4) that
vT(αTτ (f
iei)) = vT(fiδ
a
i ∂xa) = f
iδai ∂x˙a .
(b) From (3.13) and (4.8), we get
αTτ (T (f
iei)) = αTτ
(
∂f i
∂xa
x˙aei + f
ie˙i
)
=
∂f i
∂xa
x˙aαTτ (ei) + f
iαTτ (e˙i) =
=
∂f i
∂xa
x˙aδbi∂x˙b + f
i
(
δai ∂xa +
∂δbi
∂xa
x˙a∂x˙b
)
= f iδai ∂xa +
∂
∂xa
(
f iδbi
)
x˙a∂x˙b .
On the other hand, from (4.4), we have
dT(αTτ (f
iei)) = dT(f
iδbi ∂xb) = f
iδbi∂xb +
∂
∂xa
(
f iδbi
)
x˙a∂x˙b
and the theorem follows.
The behaviour of the Schouten bracket with respect to vertical and complete lifts is
described by the following theorem.
Theorem 11. Let X,Y ∈ Φ(τ). Then,
(a) [V(X),V(Y )] = 0,
(b) [V(X), T (Y )] = [T (X),V(Y )] = V([X,Y ]),
(c) [T (X), T (Y )] = T ([X,Y ]), i. e., the complete lift is a homomorphism of the Schouten
brackets.
Proof: (a) We have for the tangent Lie algebroid ((3.13), (3.14)) αTτ (ei) = δ
a
i ∂x˙a and
[ei, ej ] = 0. Since V(f
iei) = f
iei, we get [V(X),V(Y )] = 0.
(b) The proof goes by induction with respect to the degree of X and Y . Let us take
first X ∈ Φ1(τ) and Y = f ∈ C∞(M). It follows from Theorem 10 and (4.2) that
[V(X), T (f)] = αTτ (V(X))(dTf) = vT(ατ (X))(dTf) = vT(ατ (X)(f)) = V([X, f ]).
Similarly, [T (X),V(f)] = V([X, f ]).
Assume now that X,Y ∈ Φ1(τ). The tangent lift { , }dTP of the Poisson bracket { , }P
has the following property (cf. [4], [5], [10])
vT({f, g}P ) = {dT(f), vT(g)}dTP = {vT(f), dT(g)}dTP .
Since ι([X,Y ]) = {ι(X), ι(Y )}P , we get by definitions of the lifts V , T ((4.5)) that
ι([V(X), T (Y )]) = {ι(V(X)), ι(T (Y ))}dTP = {vT(ι(X)), dT(ι(Y ))}dTP =
= vT({ι(X), ι(Y )}P ) = vT(ι([X,Y ])) = ι(V([X,Y ])).
14
It follows that [V(X), T (Y )] = V([X,Y ]) and that
[T (X),V(Y )] = −[V(Y ), T (X)] = −V([X,Y ]) = V([Y,X ]).
Now, it remains to show that if (b) holds for X ∈ Φk(τ), Y ∈ Φl(τ), then it holds also for
X and Y ∧ Z, Z ∈ Φ1(τ). We get from (a), from Corollary to Theorem 9, and from (1.2)
that
[V(X), T (Y ∧ Z)] = [V(X), T (Y ) ∧ V(Z) + V(Y ) ∧ T (Z)] =
= [V(X), T (Y )] ∧ V(Z) + (−1)(k−1)lT (Y ) ∧ [V(X),V(Z)] + [V(X),V(Y )] ∧ T (Z)+
+ (−1)(k−1)lV(Y ) ∧ [V(X), T (Z)] = V([X,Y ]) ∧ V(Z) + (−1)(k−1)lV(Y ) ∧ V([X,Z]) =
= V
(
[X,Y ] ∧ Z + (−1)(k−1)lY ∧ [X,Z]
)
= V([X,Y ∧ Z]).
The equality [T (X),V(Y ∧ Z)] = V([X,Y ∧ Z]) follows in an analogous way.
(c) As in (b), we check the equality for X ∈ Φ1(τ) and Y = f ∈ C∞(M). We have in
this case
[T (X), T (f)] = αTτ (T (X))(dTf) = dT(ατ (X))(dTf) =
= dT(ατ (X)(f)) = dT([X, f ]) = T ([X, f ]).
If X,Y ∈ Φ1(τ), then
ι([T (X), T (Y )]) = {ι(T (X)), ι(T (Y ))}dTP = {dTι(X), dTι(Y )}dTP =
= dT{ι(X), ι(Y )}P = dT(ι([X,Y ])) = ι(T ([X,Y ])).
Now, the proof proceeds like in the part (b).
The following theorem contains a collection of formulae describing the behaviour of in-
serting operators, exterior derivatives, and Lie derivatives under the tangent lifts.
Theorem 12. Let µ ∈ Φ(pi) and X ∈ Φ1(τ). Then,
(1) a) iV(X) V(µ) = 0,
b) iV(X) T (µ) = iT (X) V(µ) = V(iX µ),
c) iT (X) T (µ) = T (iX µ),
(2) a) dTτV(µ) = V(dτµ),
b) dTτT (µ) = T (dτµ),
(3) a) £V(X)V(µ) = 0,
b) £V(X)T (µ) = £T (X)V(µ) = V(£Xµ),
c) £T (X)T (µ) = T (£Xµ).
Proof: (1) As in the proof of Theorem 8, we choose a basis (ei) of local sections of
τ :E →M . We have then X = f jej , µ =
∑
i1<···<ik
µi1...ike
∗i1 ∧ · · · e∗ik , V(X) = f jej , and
V(µ) =
∑
i1<···<ik
µi1...ike
∗i1 ∧ · · · e∗ik .
Since the basis (e˙∗i , e
∗
j ) is dual (with respect to the tangent pairing) to the basis (ei, e˙j), we
have iV(X) V(µ) = 0. With
T (X) =
∂f j
∂xa
x˙aej + f
j e˙j,
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we get
iT (X) V(µ) =
∑
i1<···<ik
(−1)j+1µi1...ikf
je∗i1 ∧ · · · ∧ ê∗ij ∧ · · · ∧ e∗ik =
= V
( ∑
i1<···<ik
(−1)j+1µi1...ikf
je∗i1 ∧ · · · ∧ ê∗ij ∧ · · · ∧ e∗ik
)
= V(iX µ).
Similarly, we obtain for
T (µ) =
∑
i1<···<ik,j
µi1...ike
∗i1 ∧ · · · ∧ e˙∗ij ∧ · · · ∧ e∗ik +
∑
i1<···<ik,a
∂µi1...ik
∂xa
x˙ae∗i1 ∧ · · · ∧ e∗ik
that iV(X) T (µ) = V(iX µ).
Finally,
iT (X) T (µ) =
∑
i1<···<ik,a,j
(−1)j+1
∂µi1...ik
∂xa
x˙af ije∗i1 ∧ · · · ∧ ê∗ij ∧ · · · ∧ e∗ik+
+
∑
i1<···<ik,s6=j
(−1)j+1µi1...ikf
ije∗i1 ∧ · · · ∧ ê∗ij ∧ · · · ∧ e˙∗is ∧ · · · ∧ e∗ik+
+
∑
i1<···<ik,a,j
µi1...ik
∂f ij
∂xa
x˙ae∗i1 ∧ · · · ∧ ê∗ij ∧ · · · ∧ e∗ik =
=
∑
i1<···<ik,a,j
(−1)j+1
∂
∂xa
(
µi1...ikf
ij
)
x˙ae∗i1 ∧ · · · ∧ ê∗ij ∧ · · · ∧ e∗ik+
+
∑
i1<···<ik,s6=j
(−1)j+1µi1...ikf
ij e∗i1 ∧ · · · ∧ ê∗ij ∧ · · · ∧ e˙∗is ∧ · · · ∧ e∗ik =
= T
 ∑
i1<···<ik,j
(−1)j+1µi1...ikf
ije∗i1 ∧ · · · ∧ ê∗ij ∧ · · · ∧ e∗ik
 = T (iX µ).
(2) For µ ∈ Φk(pi), ν ∈ Φ(pi), we have
V(dτ (µ ∧ ν)) = V(dτ (µ) ∧ ν + (−1)
kµ ∧ dτ (ν)) = V(dτ (µ)) ∧ V(ν) + (−1)
kV(µ) ∧ V(dτ (ν)).
On the other hand,
dTτ (V(µ ∧ ν)) = dTτ (V(µ) ∧ V(ν)) = dTτ (V(X)) ∧ V(ν) + (−1)
kV(µ) ∧ dTτ (V(ν)).
It follows, that in order to prove (a), it is enough to consider the case of µ being a function
and µ = e∗k. For µ = f ∈ C∞(M) and X ∈ Φ1(τ), we have, using (1) and Theorem 10,
〈V(dτf), T (X)〉 = iT (X) V(dτf) = V(iX dτ (f)) = V(ατ (X)(f)) = dT(ατ (X))(vT(f)) =
= αTτ (T (X))(V(f)) = 〈dTτV(f), T (X)〉.
We have also
〈V(dτf),V(X)〉 = 0 = vT(ατ (X))(vT(f)) = αTτ (V(X))(V(f)) = 〈dTτV(f),V(X)〉.
Since V(X), T (X) generate sections of the Tτ -bundle, it follows that dTτV(f) = V(dτf).
Similarly, if µ = e∗k, then
V(dτ (µ)) = V(
1
2
ckije
∗i ∧ e∗j) =
1
2
ckije
∗i ∧ e∗j = dTτ (e
∗k) = dTτ (V(µ)).
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To prove (b), we show first, using (a), that
T (dτ (µ ∧ ν)) = T
(
dτ (µ) ∧ ν + (−1)
kµ ∧ dτ (ν)
)
=
= T (dτ (µ)) ∧ V(ν) + V(dτ (µ)) ∧ T (ν) + (−1)
kT (µ) ∧ V(dτ (ν)) + (−1)
kV(µ) ∧ T (dτ (ν)) =
= T (dτ (µ))∧V(ν)+dTτ (V(µ))∧T (ν)+(−1)
kT (µ)∧dTτ (V(ν))+(−1)
kV(µ)∧T (dτ (ν)).
On the other hand,
dTτ (T (µ ∧ ν)) = dTτ (T (µ) ∧ V(ν) + V(µ) ∧ T (ν)) =
= dTτ (T (µ))∧V(ν)+(−1)
kT (µ)∧dTτV(ν)+dTτ (V(µ))∧T (ν)+(−1)
kV(µ)∧dTτ (T (ν)).
This shows that it is enough to prove (b) for µ = f and µ = e∗k. Let us take µ = f ∈ C∞(M)
and X ∈ Φ1(τ). We have
〈T (dτf), T (X)〉 = iT (X) T (dτf) = dT(iX dτf) = dT(ατ (X)(f)) = dT(ατ (X))(dTf) =
= αTτ (T (X))(dTf) = 〈dTτ (T (f)), T (X)〉
and
〈T (dτf),V(X)〉 = iV(X) T (dτf) = vT(iX dτf) = αTτ (V(X))(dTf) = 〈dTτ (T (f)),V(X)〉.
It follows that T (dτf) = dTτ (T (f)).
For µ = e∗k, we have
T (dτ (e
∗k)) = T (
1
2
ckjie
∗i ∧ e∗j) = ckjie˙
∗i ∧ e∗j +
1
2
∂ckji
∂xa
x˙ae∗i ∧ e∗j = dTτ (e˙
∗k) = dTτ (T (e
∗k)).
(3) Since £X = iX ◦ dτ + dτ ◦ iX , we get, using (1) and (2), that
£V(X)T (µ) = iV(X) dTτT (µ) + dTτ iV(X) T (µ) = iV(X) T (dτµ) + dTτV(iX µ) =
= V(iX dτµ+ dτ iX µ) = V(£Xµ).
The rest of the proof is analogous.
Remark. Sections T (X) span the Tτ -bundle over each point except for the zero section
of TM . It follows that in the proof above we can use the continuity argument, instead of
considering the case of sections V(X).
Theorem 13. Let K,L ∈ Φ1(pi). Then,
(a) [V(K),V(L)]N−R = 0,
(b) [V(K), T (L)]N−R = [T (K),V(L)]N−R = V
(
[K,L]N−R
)
,
(c) [T (K), T (L)]N−R = T
(
[K,L]N−R
)
, i. e., the complete lift is a homomorphism be-
tween Nijenhuis-Richardson brackets on Φ1(pi) and Φ1(Tpi).
Proof: The theorem follows immediately from (1.11) and Theorem 12 (1). Indeed, for
K = µ⊗X ∈ Φk1(pi), L = ν ⊗ Y , we have
[V(K),V(L)]N−R = [V(µ)⊗ V(X),V(ν)⊗ V(Y )]N−R =
= V(µ) ∧ iV(X) V(ν)⊗ V(Y ) + (−1)
k iV(Y ) V(µ) ∧ V(ν)⊗ V(X) = 0.
Similarly,
[V(K), T (L)]N−R = [V(µ)⊗ V(X), T (ν)⊗ V(Y ) + V(ν)⊗ T (Y )]N−R
= V(µ)∧ iV(X) T (ν)⊗V(Y ) + V(µ)∧ iV(X) V(ν)⊗T (Y ) + (−1)
k iV(Y ) V(µ)∧ T (ν)⊗V(X)
+(−1)k iT (Y ) V(µ)∧V(ν)⊗V(X) = V(µ)∧iV(X) T (ν)⊗V(Y )+(−1)
k iT (Y ) V(µ)∧V(ν)⊗V(X)
= V
(
µ ∧ iX ν ⊗ Y + (−1)
k iY µ ∧ ν ⊗X
)
= V([µ⊗X, ν ⊗ Y ]N−R).
(c) can be proved by analogous calculations.
We have also similar formulae for the Fro¨licher-Nijenhuis brackets.
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Theorem 14. Let K,L ∈ Φ1(pi). Then,
(a) [V(K),V(L)]F−N = 0,
(b) [V(K), T (L)]F−N = [T (K),V(L)]F−N = V
(
[K,L]F−N
)
,
(c) [T (K), T (L)]F−N = T
(
[K,L]F−N
)
, i. e., the complete lift T is a homomorphism
between Fro¨licher-Nijenhuis brackets on Φ1(pi) and Φ1(Tpi).
Proof: We make use of formulae of Theorem 11 and Theorem 12. First, let us recall that
for K = µ⊗X ∈ Φk1(pi) and L = ν ⊗ Y , we have
[K,L]F−N =
= µ∧ν⊗ [X,Y ]+µ∧£Xν⊗Y −£Y µ∧ν⊗X+(−1)
k(dτµ∧ iX ν⊗Y +iY µ∧dτν⊗X),
so that
[V(K),V(L)]F−N =
= V(µ) ∧ V(ν)⊗ [V(X),V(Y )] + V(µ) ∧£V(X)V(ν)⊗ V(Y )−£V(Y )V(µ) ∧ V(ν)⊗ V(X)+
+ (−1)k(dTτV(µ) ∧ iV(X) V(ν)⊗ V(Y ) + iV(Y ) V(µ) ∧ dTτV(ν)⊗ V(X)) = 0.
Similarly,
[V(K), T (L)]F−N = [V(µ)⊗ V(X), T (ν) ⊗ V(Y ) + V(ν)⊗ T (Y )]F−N =
= V(µ) ∧ T (ν)⊗ [V(X),V(Y )] + V(µ) ∧£V(X)T (ν)⊗V(Y )−£V(Y )V(µ) ∧ T (ν)⊗ V(X)+
+ (−1)k
(
dTτV(µ) ∧ iV(X) T (ν)⊗ V(Y ) + iV(Y ) V(µ) ∧ dTτT (ν)⊗ V(X)
)
+
+ V(µ) ∧ V(ν)⊗ [V(X), T (Y )] + V(µ) ∧£V(X)V(ν)⊗ T (Y )−£T (Y )V(µ) ∧ V(ν)⊗ V(X)+
+ (−1)k
(
dTτV (µ) ∧ iV(X) V(ν)⊗ T (Y ) + iT (Y ) V(µ) ∧ dTτV(ν)⊗ V(X)
)
=
= V(µ) ∧ V(£Xν)⊗ V(Y ) + (−1)
kV(dτµ) ∧ V(iX ν)⊗ V(Y ) + V(µ) ∧ V(ν)⊗ V([X,Y ])−
− V(£Y µ) ∧ V(ν)⊗ V(X) + (−1)
kV(iY µ) ∧ V(dTτν)⊗ V(X) =
= V (µ ∧ ν ⊗ [X,Y ] + µ ∧£Xν ⊗ Y −£Y µ ∧ ν ⊗X+
+(−1)k(dτµ ∧ iX ν ⊗ Y + iY µ ∧ ν ⊗X)
)
= V([K,L]F−N).
The remaining part of the proof consists of analogous easy calculations and we skip them.
6. Cotangent lifts and graded Lie brackets.
We shall study cotangent lifts of tensor fields associated with a Lie algebroid. They
are, however, defined only for certain types of tensor fields and they do not have so nice
functorial properties as the tangent lifts. On the other hand, they can be very useful, as
we shall see later. Let τ :E → M be a vector bundle with a Lie algebroid structure, let
ατ :E → TM be the anchor map of this structure and let P be the corresponding linear
Poisson structure on the dual bundle pi:E∗ →M . We define the (cotangent) complete lift
G: Φ1(τ)→ Φ1(τE∗)
by the formula
G(X) = P˜ (dι(X)) = HP (ι(X)) = −[P, ι(X)].
In the local coordinates introduced in Section 4, we have
G(f iei) =
(
f ickijξk −
∂f i
∂xa
δaj ξi
)
∂ξj + f
iδai ∂xa . (6.1)
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For µ ∈ Φk(pi), we have the vertical lift Vpi(µ) ∈ Φ
k(τE∗) (compare with (4.7)). In local
coordinates,
Vpi(
∑
i1<···<ik
µi1...ike
∗i1 ∧ · · · ∧ e∗ik) =
∑
i1<···<ik
µi1...ik∂ξi1 ∧ · · · ∧ ∂ξik . (6.2)
Theorem 15. Let µ, ν ∈ Φ(pi) and let Y,X ∈ Φ1(τ). Then,
(a) Vpi(µ ∧ ν) = Vpi(µ) ∧ Vpi(ν);
(b) [Vpi(µ),Vpi(ν)] = 0;
(c) [ι(X),Vpi(µ)] = −Vpi(iX µ);
(d) [P,Vpi(µ)] = Vpi(dτµ);
(e) [G(X),Vpi(µ)] = Vpi(£Xµ);
(f) [G(X),G(Y )] = G([X,Y ]);
(g) [G(X), ι(Y )] = ι([X,Y ]),
where brackets on the left-hand sides are classical Schouten brackets and brackets on the
right-hand sides are Lie algebroid brackets.
Proof: (a) and (b) follow immediately from (6.2).
(c) Since adι(X) and iX are graded derivations of degree -1 and Vpi is, in view of (a), a
homomorphism, both sides of (c) are graded derivations of degree -1 with respect to µ. It
follows by induction that it is enough to consider the case of µ = e∗k. We have for µ = e∗k,
X = f iei,
[ι(X),Vpi(e
∗k)] = [f iξi, ∂ξk ] = −f
k = −Vpi(iX e
∗k).
(d) Similarly as in (c), we observe first that both sides of (d) are graded derivations of
degree 1 with respect to µ. It follows then that it is enough to prove (d) for µ ∈ C∞(M)
and µ = e∗k. Let X ∈ Φ1(τ). The formulae (3.2) and (c) imply that
idι(Y )[P,Vpi(f)] = [[P, pi
∗f ], ι(Y )] = −[[P, ι(Y )], pi∗f ] = [G(Y ), pi∗f ] = pi∗(ατ (Y )(f)) =
= Vpi(iY dτf) = −[ι(Y ),Vpi(dτf)] = idι(Y ) Vpi(dτf).
We conclude that [P,Vpi(f)] = Vpi(dτf).
For µ = e∗k, we have in local coordinates (with P as in (3.4))
[P,Vpi(e
∗k)] = [P, ∂ξk ] = [
1
2
ckijξk∂ξi ∧ ∂ξj + δ
a
i ∂ξi ∧ ∂xa , ∂ξk ] =
1
2
ckji∂ξi ∧ ∂ξj .
On the other hand,
Vpi(dτ (e
∗k)) = Vpi(
1
2
ckjie
∗i ∧ e∗j) =
1
2
ckji∂ξi ∧ ∂ξj
and (d) follows.
(e) According to (c) and (d), we have
Vpi(£Xµ) = Vpi(dτ iX µ) + Vpi(iX dτµ) = [P,Vpi(iX µ)]− [ι(X),Vpi(dτµ)] =
= −[P, [ι(X),Vpi(µ)]]− [ι(X), [P,Vpi(µ)]] = −[[P, ι(X)],Vpi(µ)] = [G(X),Vpi(µ)].
(f) Using the graded Jacobi identity and the formula [P, P ] = 0, we get
[G(X),G(Y )] = [[P, ι(X)], [P, ι(Y )]] = [P, [[P, ι(X)], ι(Y )]] = [P, {ι(Y ), ι(X)}P ] =
= −[P, ι([X,Y ])] = G([X,Y ]).
(g) We have
[G(X), ι(Y )] = [−[P, ι(X)], ι(Y )] = {ι(X), ι(Y )}P = ι([X,Y ]).
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Theorem 16. The formulae
J (µ⊗X) = −ι(X)Vpi(µ) (6.3)
and
G(µ⊗X) = [P,J (µ⊗X)] = G(X) ∧ Vpi(µ)− ι(X)Vpi(dτµ), (6.4)
for simple tensors µ⊗X ∈ Φ1(pi), define linear mappings
J , G: Φ1(pi)→ Φ(τE∗)
which coincide on Φ01(pi) with already defined −ι and G respectively.
Proof: The right-hand side of (6.3) is linear with respect to X and µ and for f ∈ C∞(M)
we have
J ((fµ)⊗X) = −ι(X)Vpi(fµ) = −pi
∗(f)ι(X)Vpi(µ) = −ι(fX)Vpi(µ) = J (µ⊗ (fX)).
Consequently, J is well defined. Since (6.4) is the composition of J and the Schouten
bracket with P , also G is well defined. Of course, we have, for X ∈ Φ1(τ),
J (X) = −ι(X), G(X) = −[P, ι(X)].
We call G(K) the dual complete lift of K ∈ Φ1(pi). We shall show that J and G are
homomorphisms of gradad Lie algebras.
Theorem 17. The mapping
J : Φ1(pi)→ Φ(τE∗)
is an injective homomorphism of the Nijenhuis-Richardson bracket into the Schouten bra-
cket:
J ([K,L]N−R) = [J (K),J (L)].
In particular, in the case of the canonical Lie algebroid, we get an embedding of the
Nijenhuis-Richardson bracket on M into the Schouten bracket on T∗M .
Proof: Let K = µ⊗X ∈ Φk1(pi) and L = ν⊗Y ∈ Φ1(pi). It follows from Theorem 15 ((a),
(b),(c)) and from (1.5) that
[J (K),J (L)] = [ι(X)Vpi(µ), ι(Y )Vpi(ν)] = [ι(X)Vpi(µ), ι(Y )] ∧ Vpi(ν)+
+ ι(Y )[ι(X)Vpi(µ),Vpi(ν)] = (−1)
k+1ι(X)Vpi(iY µ) ∧ Vpi(ν)− ι(Y )Vpi(µ) ∧ Vpi(iX ν) =
−
(
ι(X)Vpi(µ ∧ iX ν) + (−1)
kι(X)Vpi(iY µ ∧ ν)
)
=
= J
(
µ ∧ iX ν ⊗ Y + (−1)
k iY µ ∧ ν ⊗X
)
= J ([K,L]N−R).
The injectivity follows from the local form of J on Φk1(pi):
J
 ∑
i1<···<ik,j
µ
j
i1...ik
(x)e∗i1 ∧ · · · ∧ e∗ik ⊗ ej
 = − ∑
i1<···<ik,j
µ
j
i1...ik
(x)ξj∂ξi1 ∧ · · · ∧ ∂ξik .
It is evident that J (K) = 0 if and only if K = 0.
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Theorem 18. The dual complete lift
G: Φ1(pi)→ Φ(τE∗)
is a homomorphism of the Fro¨licher–Nijenhuis bracket into the Schouten bracket:
G([K,L]F−N ) = [G(K),G(L)].
Proof: Let K = µ⊗X ∈ Φk1(pi) and L = ν⊗Y ∈ Φ1(pi). Using the graded Jacobi identity
and Theorem 15, we get three identities:
[G(X) ∧ Vpi(µ),G(Y ) ∧ Vpi(ν)] = [G(X),G(Y )] ∧ Vpi(µ) ∧ Vpi(ν)+
+ G(X) ∧ [Vpi(µ),G(Y )] ∧ Vpi(ν) + G(Y ) ∧ Vpi(µ) ∧ [G(X),Vpi(ν)] =
= G([X,Y ]) ∧ Vpi(µ ∧ ν)− G(X) ∧ Vpi(£Y µ ∧ ν) + G(Y ) ∧ Vpi(µ ∧£Xν), (1)
[G(X) ∧ Vpi(µ), ι(Y )Vpi(dτν)] =
= (−1)k[G(X), ι(Y )] ∧ Vpi(µ) ∧ Vpi(dτν) + G(X) ∧ [Vpi(µ), ι(Y )] ∧ Vpi(dτν)+
+ (−1)kι(Y )Vpi(µ) ∧ [G(X),Vpi(dτν)] =
= (−1)kι([X,Y ])Vpi(µ ∧ dτν)− (−1)
kG(X) ∧ Vpi(iY µ ∧ dτν) + (−1)
kι(Y )Vpi(µ ∧£X dτν),
(2)
[ι(X)Vpi(dτµ), ι(Y )Vpi(dτν)] =
= ι(X)[Vpi(dτµ), ι(Y )] ∧ Vpi(dτν) + ι(Y )Vpi(dτµ) ∧ [ι(X),Vpi(dτν)] =
= (−1)kι(X)Vpi(iY dτµ ∧ dτν)− ι(Y )Vpi(dτµ ∧ iX dτν). (3)
Hence,
[G(K),G(L)] = [G(X) ∧ Vpi(µ)− ι(X)Vpi(dτµ),G(Y ) ∧ Vpi(ν)− ι(Y )Vpi(dτν)] =
= G([X,Y ]) ∧ Vpi(µ ∧ ν)− ι([X,Y ])Vpi(dτµ ∧ ν + (−1)
kµ ∧ dτν) + G(Y ) ∧ Vpi(µ ∧£Xν)−
− ι(Y )Vpi(dτµ ∧ iX dτν + (−1)
kµ ∧£X dτν)− G(X) ∧ Vpi(£Y µ ∧ ν)+
+ ι(X)Vpi(£Y dτµ ∧ ν + (−1)
k iY dτµ ∧ dτν) + (−1)
kG(Y ) ∧ Vpi(dτµ ∧ iX ν)+
+ (−1)kG(X) ∧ Vpi(iY µ ∧ dτν) = G(µ ∧ ν ⊗ [X,Y ]) + G(µ ∧£Xν ⊗ Y )+
+ ι(Y )Vpi(dτµ ∧ dτ iX ν)− G(£Y µ ∧ ν ⊗X)− (−1)
kι(X)Vpi(dτ ιY µ ∧ dτν)+
+ (−1)kG(Y ) ∧ Vpi(dτµ ∧ iX ν) + (−1)
kG(X) ∧ Vpi(iY µ ∧ dτν) =
= G(µ ∧ ν ⊗ [X,Y ]) + G(µ ∧£Xν ⊗ Y )− G(£Y µ ∧ ν ⊗X) + (−1)
kG(dτµ ∧ iX ν ⊗ Y )+
+ (−1)kG(iY µ ∧ dτν ⊗X) = G([K,L]
F−N).
7. The case of the canonical Lie algebroid.
It is obvious that the canonical Lie algebroid, including the standard differential calculus
on a manifold, is of special interest. It is exactly the case, when the corresponding linear
Poisson on the dual bundle is symplectic. Let us suppose that the linear Poisson structure
P on E∗ is nondegenerate, i. e., the mapping P˜ :T∗E∗ → TE∗ is an isomorphism of vector
bundles. The inverse morphism ω˜ = P˜−1 defines a symplectic form ω on E∗:
〈P, µ ∧ ν〉 = 〈P˜ (µ) ∧ P˜ (ν), ω〉.
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We have in local coordinates (as in (3.4))
P =
1
2
ckij(x)ξk∂ξi ∧ ∂ξj + δ
a
i (x)∂ξi ∧ ∂xa .
Since P is nonegenerate, the anchor map ατ :E → TM , given by
ατ (y
iei(x)) = y
iδai (x)∂xa ,
is an isomorphism of vector bundles. The anchor map is a homomorphism of Lie brackets
and it follows that ατ defines an isomorphism between the Lie algebroid structure on E
and the canonical Lie algebroid structure on TM . The dual (Poisson) bundle (E∗, P ) can
be identified with (T∗M,PM ) – the cotangent bundle with the canonical Poisson structure.
In the following, we consider the case of canonical structures only.
Let (xa) be a local coordinate system on M . We choose (ea = ∂xa) and (e
∗a = dxa) as
local bases of sections of τM :TM → M and piM :T
∗M → M , respectively. We denote by
(xa, x˙b) and (xa, pb), instead of (x
a, yi) and (xa, ξi), the adopted coordinate systems. In
these coordinate systems, the canonical Poisson bivector field is given by
P = ∂pa ∧ ∂xa , (7.1)
the anchor map ατM :TM → TM is the identity, and dτM = d is the usual exterior deriva-
tive. The formulae (3.6) and (3.8) take now the form
[∂xa , ∂xb ] = 0, d(f) =
∂f
∂xa
dxa, d(dxa) = 0. (7.2)
As in the previous sections, we can consider the tangent and cotangent lifts of the
canonical Lie algebroid structure on τM :TM → M to Lie algebroid structures of bun-
dles TτM :TTM → TM and piT∗T
∗T∗M → T∗M . On the other hand, there are canonical
Lie algebroid structures of bundles τTM :TTM → TM and τT∗M :TT
∗M → T∗M . In the
following, we discuss relations between these Lie algebroids.
There is the well-known isomorphism κM of vector bundles (cf. [30], [10]),
TTM
u
TτM
TTMu
κM
u
τTM
TM TM.
(7.3)
As a mapping of manifolds, κM is an involution: κM ◦ κM = id. As in Section 3., we
introduce the basis (∂xa , ˙∂xb) of local sections of TτM . The morphism κM is characterized
by
κM ◦ ∂x˙a = ∂xa , κM ◦ ∂xb = ˙∂xb (7.4)
and it can be extended to isomorphisms of tensor bundles
κrM :⊗
r
τTMTTM −→ ⊗
r
TτMTTM
by
κrM (X1 ⊗τTM · · · ⊗τTM Xr) = κM (X1)⊗TτM · · · ⊗TτM κM (Xr).
It follows that κrM can be restricted to skew-symmetric and symmetric tensors:
κrM (
r∧
τTM
TTM) =
r∧
TτM
TTM, κrM (S
r
τTMTTM) = S
r
TτMTTM.
22
For dual vector bundles TpiM :TT
∗M → TM and piTM :T
∗TM → TM , we have the dual
isomorphism αM
TT∗M
u
TpiM
w
αM T∗TM
u
piTM
TM TM
(7.5)
and, consequently, isomorphisms of tensor bundles
αrM :⊗
r
TpiMTT
∗M → ⊗rpiTMT
∗TM, αrM :
r∧
TpiM
TT∗M →
r∧
piTM
T∗TM. (7.6)
The induced mapping αM : Φ
1(TpiM )→ Φ
1(piTM ) is given by
αM (dpa) = dx
a, αM (d˙pb) = dx˙
b. (7.7)
There are canonical lifts vT (vertical) and dT (complete) of multivector fields and forms
on M to multivector fields and forms on TM (cf. [31], [10] and (4.1), (4.2)), which are
strictly related to V and T .
Theorem 19.
(1) For X ∈ Γ(M,⊗rτM ), we have
κrM (vT(X)) = V(X), κ
r
M (dT(X)) = T (X). (7.8)
(2) For µ ∈ Γ(M,⊗rpiM ), we have
vT(µ) = α
r
M (V(µ)), dT(µ) = α
r
M (T (µ)). (7.9)
There are analogous formulae for skew-symmetric and symmetric tensors, as well as for
tensors of type (r, s).
Proof: Since
vT(X ⊗ Y ) = vT(X)⊗ vT(Y ), dT(X ⊗ Y ) = dT(X)⊗ vT(Y ) + vT(X)⊗ dT(Y )
(cf. [30], [10]) and
V(X ⊗ Y ) = V(X)⊗ V(Y ), T (X ⊗ Y ) = T (X)⊗ V(Y ) + V(X)⊗ T (Y )
(Theorem 9), it is sufficient to consider the case r = 1.
Let X = fa∂xa . Then ((4.6) and (4.7)), V(X) = f
a∂xa and T (X) = f
a ˙∂xa +
∂fa
∂xb
x˙b∂xa .
It follows from (7.4) that
T (X) =κM (f
a∂xa +
∂fa
∂xb
x˙b∂x˙a) = κM (dT(X)),
V(X) =κM (f
a∂x˙a) = vT(X).
Similar arguments prove (7.9).
Let us remark that the above theorem can be proved in a coordinate-free way. First, we
make use of the following identities (cf. [10]):
dTX˜ =d˜TX ◦ αM ,
vTX˜ =v˜TX ◦ αM ,
d˜Tµ =dTµ˜ ◦ κM ,
v˜Tµ =vTµ˜ ◦ κM . (7.10)
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Then, using the pairings
〈 , 〉:TTM ×TM T
∗TM → R, 〈 , 〉′:TTM ×TM TT
∗M → R
and the equality
〈v, αM (w)〉 = 〈κM (v), w〉
′, (7.11)
we get
〈V(X), w〉′ = V˜(X)(w) = vT(X˜)(w) = ˜vT(X)(αM (w)) =
= 〈vT(X), αM (w)〉 = 〈κM (vT(X)), w〉
′.
Hence, κM (V(X)) = vT(X), etc.
Theorem 20. The isomorphism κM of vector bundles is an isomorphism of the canonical
Lie algebroid structure on τTM :TTM → TM and the tangent Lie algebroid structure on
TτM :TTM → TM
The dual isomorphism αM of vector bundles is an isomorphism of linear Poisson structures
(TT∗M, dTPM ) and (T
∗TM,PTM ). Moreover,
αM ◦ dTτM = d◦αM . (7.12)
Proof: For a section X :M → E, we have T (X) = TX . It follows that
T (ατ ◦X) = T(ατ ◦X) = Tατ ◦ T (X).
We have then, in view of Theorem 19 and Theorem 10, that
Tατ ◦ T (X) = T (ατ ◦X) = κM (dT(ατ ◦X)) = κM ◦ αTτ .
Since sections T (X) span the Tτ -bundle (except for the zero sections), we obtain, by the
continuity argument, that, for a Lie algebroid τ :E → M with the anchor ατ , we have (cf.
[22])
κM ◦ αTτ = Tατ . (7.13)
Since the anchor of the canonical Lie algebroid structure is the identity on TM , we get
from (7.13) that the anchor αTτM of the tangent Lie algebroid structure is κ
−1
M . As in the
begining of this section, we obtain that κM is an isomorphism of Lie algebroids.
The remaining part of the theorem follows directly from (7.11).
Corollary 21. Let X,Y ∈ Φ(τM ) or X,Y ∈ Φ1(piM ) and let [[ , ]] stays for the Schouten
or Nijenhuijs-Richardson or Fro¨licher-Nijenhuis bracket. Then,
[[ vT(X), vT(Y )]] = 0;
[[ vT(X), dT(Y )]] = [[ dT(X), vT(Y )]] = vT [[ X,Y ]] ;
[[ dT(X), dT(Y )]] = dT[[ X,Y ]] . (7.14)
We have also all the formulae of Theorem 12 with V replaced by vT, T replaced by dT, and
dTτ , dτ replaced by d.
Proof: All the formulae make use of the Lie algebroid constructions only. We have already
proved analogous formulae for lifts V , T , and the bracket of the tangent Lie algebroid
(Theorems 11, 13, 14). The formulae (7.14) are then simple consequences of Theorem 20
and Theorem 19.
Since PM is invertible, it follows from Theorem 5 that the mapping
ΛPM : Φ(piT∗M )→ Φ(τT∗M )
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is an isomorphism between the Koszul-Schouten and the Schouten brackets. Since PM
is skew-symmetric, for the dual map Λ∗PM , we have Λ
∗
PM
(µ) = (−1)kΛPM (µ) with µ ∈
Φk(piT∗M ). Therefore it defines an antihomomorphism of these brackets. We have also the
well-known formula
Λ∗PM (dµ) = [P,Λ
∗
PM
(µ)]. (7.15)
Theorem 22. For µ ∈ Φk(piM ), X ∈ Φ
1(τM ), we have
(1) Λ∗PM (pi
∗
M (µ)) = VpiM (µ),
(2) Λ∗PM (ι(X)pi
∗
M (µ)) = −J (µ⊗X),
(3) Λ∗PM (d(ι(X)pi
∗
M (µ))) = −G(µ⊗X)
Proof:
(1) Let µ = µ1 ∧ · · · ∧ µk, where µi ∈ Φ
1(piM ). Since
Λ∗PM (pi
∗
M (µ)) = (−1)
kP˜M (pi
∗
M (µ1)) ∧ · · · ∧ P˜M (pi
∗
M (µk))
and
VpiM (µ) = VpiM (µ1) ∧ · · · ∧ VpiM (µk),
it is sufficient to prove (1) in the case k = 1. For µ = µa dx
a, we have
P˜M (pi
∗
M (µa dx
a)) = P˜M (µa dx
a) = −µa∂pa = −VpiM (µa dx
a)
(cf. (4.1) and (7.1)).
(2) It follows from (1) and (7.1) that
Λ∗PM (ι(X)pi
∗
M (µ)) = ι(X)Λ
∗
PM
(pi∗M (µ)) = ι(X)VpiM = −J (µ⊗X).
(3)
Λ∗PM (d(ι(X)pi
∗
M (µ))) = [P,Λ
∗
PM
(ι(X)pi∗M (µ))] = −[P,J (µ⊗X)] = −G(µ⊗X).
The next theorems provide us with homomorphisms of graded Lie brackets related to
certain cotangent lifts.
Theorem 23. The mapping
J ∗: Φ1(piM ) ∋ µ⊗X 7→ J
∗(µ⊗X) = ι(X)pi∗M (µ) ∈ Φ(piT∗M )
defines an injective homomorphism of the Fro¨licher -Nijenhuis bracket of vector-valued forms
on M into the extended Poisson bracket { , } of differential forms on T∗M defined by the
Poisson structure PM (cf. (2.7)).
Proof: Let µ ⊗X, ν ⊗ Y ∈ Φ1(piM ). We can always take µ, ν such that dµ = dν = 0,
since such vector-valued forms span Φ1(piM ). In such cases,
[µ⊗X, ν ⊗ Y ]F−N = µ ∧ ν ⊗ [X,Y ] + µ ∧£Xν ⊗ Y −£Y µ ∧ ν ⊗X (7.16)
and, locally,
µ = dµ1 ∧ · · · ∧ dµk, ν = dν1 ∧ · · · ∧ dνl, µi, νj ∈ C
∞(M).
Let us denote gi = pi
∗
M (µi), fj = pi
∗
M (νj) and g0 = ι(X), f0 = ι(Y ). Then
J ∗(µ⊗X) = g0 dg1 ∧ · · · ∧ dgk, J
∗(ν ⊗ Y ) = f0 df1 ∧ · · · ∧ dfl.
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Since {fj, gi} = 0 for i, j > 0, we get, using (2.8),
{J ∗(µ⊗X),J ∗(ν ⊗ Y )} = {ι(X), ι(Y )} dg1 ∧ · · · ∧ dgk ∧ df1 ∧ · · · ∧ dfl+
+ ι(X)
∑
i>0
(−1)i d{ι(Y ), gi} ∧ dg1 ∧ · · · ∧ d̂gi ∧ · · · ∧ dgk ∧ df1 ∧ · · · ∧ dfl−
− (−1)kι(Y )
∑
j>0
(−1)j d{ι(X), fj} ∧ dg1 ∧ · · · ∧ dgk ∧ df1 · · · ∧ d̂fj ∧ ∧ · · · ∧ dfl =
= ι([X,Y ])pi∗M (µ ∧ ν)−
∑
i
ι(X) dg1 ∧ · · · ∧ d{ι(Y ), gi} ∧ · · · ∧ dgk ∧ pi
∗
M (ν)+
+
∑
j
ι(Y )pi∗M (µ) ∧ df1 ∧ · · · ∧ d{ι(X), fj} ∧ · · · ∧ dfl. (7.17)
Since
d{ι(Y ), gi} = d{ι(Y ), pi
∗
M (µi)} = d(pi
∗
M£Y µi) = pi
∗
M£Y (dµi) etc.,
we finally get from (7.17)
{J ∗(µ⊗X),J ∗(ν⊗Y )} = ι([X,Y ])pi∗M (µ∧ν)−ι(X)pi
∗
M (£Y µ∧ν)+ι(Y )pi
∗
M (µ∧£Xν) =
= J ∗([µ⊗X, ν ⊗ Y ]F−N ).
Thus J ∗ defines a homomorphism of the brackets. The injectivity follows directly from the
form of J ∗ in local coordinates.
Remark. It is well known that the mapping
ι: S(τM )→ Φ(piT∗M),
ι(X1 ∨ · · · ∨Xk) = ι(X1) · · · ι(Xk) for Xi ∈ Φ
1(τM ),
is an injective homomorphism of the symmetric Schouten bracket on M into the Poisson
bracket on T∗M . Thus we can consider (Φ(piT∗M ), { , }) – the extended Poisson bracket of
differential forms on T∗M – as a common generalization of the Fro¨licher-Nijenhuis and the
symmetric Schouten bracket (cf. [7]).
Theorem 24.
(1) The mapping
H: Φ1(piM )→ Φ1(piT∗M ):µ⊗X 7→ HPM (J
∗(µ⊗X))
is an injective homomorphism of the Fro¨licher-Nijenhuis bracket on M and the
Fro¨licher-Nijenhuis bracket on T∗M .
(2) The mapping
G: Φ1(piM )→ Φ(τT∗M )
is an injective homomorphism of the Fro¨licher-Nijenhuis bracket on M into the
Schouten bracket on T∗M .
Proof: (1) By Theorem 7 b and Theorem 23, H is a homomorphism of the Fro¨licher-
Nijenhuis brackets. The local form of H shows that it is injective:
H
( ∑
a1<···<ak,a
faa1...ak dx
a1 ∧ · · · ∧ dxak ⊗ ∂xa
)
=
=
∑
a1<···<ak,a
faa1...ak
(
dxa1 ∧ · · · ∧ dxak ⊗ ∂xa −
∑
i
(−1)i dpa ∧ dx
a1 ∧ · · · ∧ d̂xai ∧ · · ·
· · · ∧ dxak ⊗ ∂pai
)
−
∑
a1<···<ak,a,b
∂faa1...ak
∂xb
pa
(
dxa1 ∧ · · · ∧ dxak ⊗ ∂pb+
∑
i
(−1)i dxb ∧ dxa1 · · · ∧ d̂xai ∧ dxak ⊗ ∂pai
)
. (7.18)
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(2) We have already proved that G is a homomorphism (Theorem 18, but it follows
also from Theorem 7c and Theorem 23). Locally, we have
G
( ∑
a1<···<ak,a
faa1...ak dx
a1 ∧ · · · ∧ dxak ⊗ ∂xa
)
=
= −
∑
a1<···<ak,a
faa1...ak∂xa ∧∂pa1 ∧· · ·∧∂pak +
∑
a1<···<ak,a,b
∂faa1...ak
∂xb
pa∂pb ∧∂pa1 ∧· · ·∧∂pak
and the injectivity follows.
Remarks. The mapping H, extended by the mapping
H: S(τM )→ Φ1(piT∗M ),
is the ”common generalization” of the Fro¨licher-Nijenhuis and Schouten brackets as defined
by Dubois-Violette and Michor ([7]). The second part of the theorem shows that we can
define the classical Fro¨licher-Nijenhuis bracket on M by means of the classical Schouten
bracket on T∗M : [K,L]F−N is the only element of Φ1(piM ) such that G([K,L]
F−N ) is the
Schouten bracket [G(K),G(L)]. In particular, forN ∈ Φ11(piM ) we have, that [N,N ]
F−N = 0
if and only [G(N),G(N)] = 0, i.e., N is a Nijenhuis tensor on M if and only if G(N) is a
Poisson tensor on T∗M . It is easy to verify that the Poisson structure defined by G(N)
is linear and, consequently, corresponds to an algebroid structure on the tangent bundle
τM :TM → M . This sugests a new approach to the theory of Poisson-Nijenhuis manifolds
which will be developed in a separate publication.
Conclusions.
We defined natural graded Lie brackets associated with Lie algebroids, their lifts, and
we studied relations between the brackets and the lifted brackets. All the constructions
seem to be canonical, generalizing some known results, but we also obtained interesting
results on the classical level, as for example embeddings of the Nijenhuis-Richardson and
the Fro¨licher-Nijenhuis bracket over M into the Schouten bracket over T∗M . However, the
analysis presented in this paper is far from being complete. We did not discuss the canon-
ical homomorphism between tangent Lie algebroid on Tτ :TE → TM and the canonical
algebroid on τE :TE → E. We skipped also the problem of iterated lifts. In Section 3, we
mentioned that some iterated lifts of an algebroid are canonically isomorphic. The existence
of these isomorphisms provokes the question, whether iterated lifts of sections can be iden-
tified. For example, one could expect that G ◦ T (K) can be identified with T ◦ G(K). In a
forthcoming publication we shall discuss identities of this kind, as well as other observations
and applications of the presented results.
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